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SUMMARY

Pflrt I describes Mration tests, in a wind tunnel, of simple airjoik and oj the tail plane oj an
310-] airplane model; it also describes the air j/ouJabout this model. From these tests are <:awn
in-ferences as to the cause and cure of aerodynamic UV-ngvibrations. Part I.1 derhes stability cr~ieria
-for wing vibrations in pitch and roll, and gices design rules to ohiate instability. Part III shows
ho to to design spars to flex equaT/yunder a giwn wing loading and thereby economically minimize .
the hoisting in. pitch that permits cumulatke $uh$er.

Rmonan.t -flutter is not likely to ensue jrom turbulence oj air j?ow alone past wings and tail
planes in usual $ying conditions. To be jlutk-prooj a wing must be rod oj reversible autorotation
and not hare its centroid.far gft of its pitch lng axis, i. e., axis of pitching motion. Danger oj$utter
i.s minimized by so proportioning the un-ng’s torsional resisting moment to the air pitching moment
at high-speed angles that the tonsionaljemlre is always small.

INTRoDUCTION

under fid forces a wing or tail pike may vibrate partly in torsion about, its length,

partly in flexure about its chord direction, and jointly about both. For clearness the motions
are studied fist separately, then together.

When an airfoil in a uniform stream executes only torsional vibration, its angle of attack
Wi$h respect to both the relative stream and the fied stream direction ~a~es periodical;
while in ffe.xural tibration alone its ang~e of attack to the relative stream direction only, varies.
In a study of the phenomena the problem then is, to determine the combinations of factors
causing these ~ibrakions to be damped, sustained, or reinforced, and the complete nature of
the resulting structud oscillation for each case. LTaturally the airplane designer is mosi
interested in the practical application of the conditions which tend to preclude oscillation.

A comparatively recent instance of aerodynamic structural vibration was that exhibited by
the horizontal tail surfaces on the MO-1 monoplane at ~ormal flying ang~es, endangering the
s~fety of the craft and lowering its performance efficiency. It was particularly to in~estigate
this defect that the experiments and analyses described in this report were made.

While it is thought, that the fundamental factors of aerodynamic siructmral oscillations
have been sticiently disclosed by the qualitative and theoretical considerations of the report,
for favorable practical application, it is nevertheless realized tha~ much remains to de done in
the way of a quantitative skudy of the phenomenon before laws regarding it can be definitely
formuIat.ed, and theoretical deductions concern@ it completely verified.

The following text of the report is a slightly rerised form of Report No. 306 prepared for
the Bureau of Aeronautics, Xlarch 13, 1926, and by it submitted for publication to the National
Ad~isory Committee for Aeronautics.
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A STUDY 0)? WIN(2 FLUTTER

INTHREE PARTS

PART I

VIBRATION OF MO-1 ‘TAIL PLANE AND OTHER AIRFOILS

By R. M. BEAR

PREFACE

This part of the report is chiefly a description of tests m~de in February, 1925, and biter,
for the Bureau of Aeronautics, in the 4 by 4 foot wind tunnel of the C. & R. .4erodynarnical
Laboratory, Washington Navy Yard, on a model of the MO-1 airplane a~d several simple
modeIs of airfoil structures, in an attempt to determine the reason and remedy for the rolling
vibrations of bhe MO-I tail surfaces, occurring on the full-size craft in flight. These vibrations
were described as being unaffected by the action of the motor and having a variable amplikucle
and a constant frequency of about 6 cycles per second.

Experiments previously conducted at Langley Field on the fuU-size airpkme, for showing
the nature of the airflow over that portion of the wing surfaces next to the fuse~age by means of a
smoke jet, indicated an undulatory wake from the wing roots passing back over the tail surfaces,
and this disturbed airflow was thought to be a very probable source of the tail vibration.

- Ik was therefore the primary object of the tid-tunnel tests to -rerify the presence of the dis-
turbed airflow about the model, and to determine its effectiwness in producing vibrations
of the tail unit, flexibly hinged to the fuselage aboub a fore and aft axis. (Fig. 1.) If this
disturbed flow and vibration were present,, additional tests were to be made in an attempt to
find a practical means of improving the flow or a possible location for the tail unit outside of
its influence.

The somewhat indefinite and partially negative results of these preliminary tests, however,
Ied to a consideration of the flexibility only of the tail surface Aructtie as a possible source ‘
of vibrations, and it is the outcome of a few simple experiments and calculations in this field
that apparently furnishes the most promising cke to the solution of tail plane and other similar
aerodynamic oscillations.

In this report of the tests DOattempt has been made to enter into the complex mathematical
theory of aerodynamic structural oscillations, arid the mere qualitative nature and limited scope ,
of the experiments and results described are evident. The factors entering into this type of
oscillation are many, and before their effects can be completely determined other more carefully
planned and mathematically outlined investigations are necessary. The effects of some of the
most importamt of these factors for several simple types of airfoil structure are theoretically
treated in Part 11, howe~er, and certain fundamental requirements of design for an economic
spar structure to prevent airfoil flutter are considered in Part 111. —

TEST APPARATUS

In order to make conveniently the desired tests for tail vibration on the model airplane, the
detachable taiI unit -was mounted on an elastic knife-edge structure of special design (fig. 1),

facilitating variation in flexibility and vertical adjustment. One side of the elastic knife-edge
was soldered fast in the stem of a brass T -whose flange -was scre-wed to the base of the
fiaiI unit, and the opposite side -was set in a similar slit in the end of a rectangular brass web,
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which fitted into a -vertical saw slot cut for the purpose at the rear of the fuselage. The elastic
knife-edge and the slitted end of the brass web holding it were cut into several coinciding seciions,
each of which was provided with a small clamping screw. By sliding the brass web in the
fuselage slot, the tail unit could be adjusted easily to various heights above its normal position,
and by varying the number of elastic. knife-edge sections clamped ~ several different values of
restoring moment for a given roll of the tail unit-could be obtained.

For exploring the airflow about the model, short lengths of silk and wool 1 threads wwe
used. To show the flow in the vicinity of the tail surfaces, the threads wwre tied at inch inter-
vals along several fine wires stretched ~ertically an inch ~part on a stiff wire frame, mountod
across the wind in the position of the removed tail unit. To explore the flow about the wings
and other parts of the model in detail, a strand of wool thread about 3 inches long fastened to
a fine needle on the end of a long ~-inch drill rod was employed.

VIBRATION TESTS

Before mounting the complete nlodel of the airplane in the tunnel, a brief test was made
on the horizontal part of the tail unit alone} with elevators neutral, for reversible autorotation 2
about the X axis, since theory and experiment indicate that surfaces exhibiting this phenomena

at any fixed attitude to an air stream are sus-
/’=777 =’?-,---

‘<<;-::::. ~ -..::, ““: “<_”~:-,>
ceptible of sustained rolling oscillations when

6

-- flexibly hinged in this attitude about an axis
.0;’. along the stream.

With the elevators of the tail surface model
aligned and set at 0° to the stabilizer, and the-------=-~-----------__=_

+

--+: stabilizer mounted for balanced free rotation
_>=l >> !_s--~==#J” about an axle along its .X axis pointing up-

---- .< F stream, no autorotation occurred for axle set-
tings to the wind from 0° to 20° ancl beyond.

A true test for autorotation of this surface

~m.I.—MO-1 horizontal tail plane on elastic kuife-edge mounting
at-other angles than 0° to the air stream would
necessitate changing its attitude to the central

axle by rotating the surface about an axis through its center of graviky at right angles to the’
X axis, while maintaining the central axle exactly in line with the wind and preserving the
dynamic balance of the model, Such a test would have shown autorotation near the burbk
angle of the surface,_ but was thought unnecessary because the lift curve of the tail plane sec-
tion indicated no autorotation of the surface at lower angles, (Fig. 7, Part 111.)

With the model of the MO-1 airplane in the wind tunnel, and the tail unit; with elevators
fixed at 0°, mounted on the eIastic knife-edge previously described (fig. 1), no violent rythmic
oscillations of the tail surfaces were obserfied at any natural angle of attack, even though the
stiffness of the elastic knife-edge was reduced to a very small value and a final test made ;vith
the tail unit freely hinged about the rolling axis.

However, on allowing one or both elevators of the tail plane to swing freely from attached
hinges, very violent rolling oscillations of the tail unit developed with the precipitation of
pitching oscillations of the one free elevator, or of the two separate free elevators in opposito
directions. In this vibratory rolling motion of the tail unit, the inertia of the free elevators
always caused them to lag behind their neutral positions relative to the stabilizer throughout
a portion of its path, thus causing the air pressure to be in the direction of the motion, and
thereby amplifykg and sustaining the vibration.

1On account of their greater fluffiness aud flexibility, wool threads mere found to be superior to silk threads os airflow indicators.
2The phenomenon of reversible autorotation about an axis along the wind is known to occur for airplane wings at attitudes near their burble

points, and an ihstration of its effect in producing sustained aerod}-mamicoscillations of a winp,is frequently observed in the rolling tlutter of an
akfoiI near its burble angle of attack, when mounted iu the wind tunnel on an end or a central holder, .41s0 certain thick struts of faired twin-
cambered section, besides struts having sections of simple geometrical form, as square, triangular or semicircular, hays been shown by wind tunnel
tests to autorotate in either direction about a eentmlIy located tremsverse ask for certain attitudes of the surface at or near its symmetrical position
to the wind.
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When the freely hinged ekators were hterconnected to prevent them from pitching in
opposite directions no sustained rolling oscillations of the taiI unit occurred.

When the model airplane was fitted with a drill-rod spindle, whose axis coincided with the
design Y asjs of the full-size craft., ~d was mo~ted in the tunnel with the wings -rertical and

the supporting spiDdle clamped in the balance-shaft chuck, a alight natural pitching of the
freely hinged interconnected elevators or of a singk free elevator started a pitching oscillation
of the model abouh its torsionally elastic support,, and produced ~ reciprocating interaction of
air and inertia forces kha.t de-reloped a~d susfiained violent pitching oscillations of the modeI
and free elevator in lag phase. But, on allowing the model thus mounted to pitch freely about
the supporting spindle axis w-ithoufi elastic restraint., no pitching oscillations of the freely hinged
interconnected elevators could build up, and an-y forced oscillations of the model or its elevator
were rapidly damped out.

OrL substituting for the cambered model tail sikface, flat surfaces of heavy paper or thin
wood, free to pitch or roll -w-ithout elastic restraint, and adapted by their light weight to respond
readily to any general fluctuations in airflow, no marked distrubance of the airflow about any of
these surfaces w-as indicated by their motion until the wings of the model airplane attained the
burble angle of around 15° ~ as the model nosed up; and the turbulent flow then started was
observed to persist until the wings passed the 11° angIe of attack, as the model nosed down.
These observations were made at an air speed of around 10 miles an hour. With higher speeds
it was noted, as has been observed before in quantitative tests on models, that. the burble angles
for the Kings ad~anced slightly.

When the model taiI unit was mounted in the tunnel alone on its elastic knife-edge viith
rudder neutral and the elevator set at several natural flyiw angles, it’ acquired shght ~reg~llar
rolling oscillations of small amplitude at an air speed near 20 miles an hour. Similar slight vibra-
tions were noted also -w-hen the tail unit was elastically mounted on the model airplane. It is
believed, hovre~er, that these irrebg.dar oscillations are due to sl-ight natural fluctuations of air-
flow to be expected around any surface, and are hence of no consec[uence in predicting unsteady
airflow conducire to dangerous aerodynamic vibra~ions of the full-size structure.

AIRFLOW” OVER MODEL

The exploration of the airflow o~er the wings and in the ticinity of the tail surfaces of the
model with threads showed at the usual flying angles an unsteady oscillating wake from the
region of the wing roots passing along either side of the fuselage and extending laterally about
z ~ches ~~<~ ditishg vibratory intensity. The tail surface appeared to lie in the midst of this
wavering wake when the wings made an angle of about 8° to the tunnel air stream. The middle
of the -wing wake was defined by an imaginary line I-ying mid-way between the haIf lengths of a
long wool thread a~tending around the -wing and streaming back past the tail plane. As the
model nosed up from a wing angle of 0°, the tier of threads on the -wire frame mounted in place of
the tail plane showed slight. pitching oscillations as it descended through the wing wake, but no
great. disturbance of the threads occurred until the wings approached their burble angle of about
15°. A very turbulent flow w-as then indicated by a violent pitching and sv+-irlingof the threads,
which appeared to increase in intensity with heights above the fuselage within the wing wake,
and persisted to the 11°wing angle as the model nosed down, in agreement with a test previously
described. For a wing angle of 0° the sIight qui~ering of the threads above the tail plane showed
a rery steady flow, but a slight pitching oscillation of the threads below the tail plane indicated
the presence of the upper boundary of the wing -wake in this vicinity. For a w_@ angle of about
10° the upper boundary of the wing ~-ake ~as ob~r-red to Lieabout I ~ inches above the position
of the horizontal tail surface on the model, corresponding to about 3 feet on the ffl-~zed craft.

A more detai~ed exploratio~ of the flow- over the model airplane with a single wool thread
about 3 inches long on the end of the exploring rod previously mentioned showed the beginning
of an unsteady discontinuous flow about the rear portion of the upper surface of the wing opposite
its j uncfiure with the fusel~~e, when a wing angle of 4° -w-aspassed as the modeI nosed up. AS
a King angle of 8° -was attained this flow became quite turbulent, as was shown by the jerky

—
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curling motion of the exploring thread, which at some points along the afterpart of the upp~r
surface of the wing near the fuselage pointed upstream away from the trailing edge. In the
angle between the fuselage and afterpart of the upper surface of the wing the exploring thread
showed a slight swirling motion for wing angles above 4°. Similar swirls were also noted all
along the upper edges of the fuselage? even for wing angles below 4°. These swirls were caused
by the air spilling over the sharp edges of the fuselage, and the direction of their rotary motion
was the same as thab for the. corresponding wing tip vortex.

All efforts to improvQ the flow about the +.ng roots by better fairing with plasticize at
their fore and aft intersections with the fuselage were apparently ineffective. Also tho
rounding of the sharp edges of the fuselage did not prevent the minute air swirls about them.

In order to obtain some notion of the degree of turbulence in the air flow about airplane
models which may be considered to indicate an undesirable flow about the full-size craft, con-
ducive to structural oscillations of its parts or otherwise impairing its efficient performance, it
was thought advisable to explore the flow about a model airplane similar to the MO-1 type,
whose full-size performance was known to be satisfactory, and compare it with that about the
MO-1, whose full-size performance has been poor. For this purpose a model ef the Fokker FT
airplane was chosen--as one more nearly resembling the MO-1 than any of the existing typesj in
superficial design and assembly of wing and body.

.4n exploration of the air flow about the Fokker model showed a ~ibratory and turbulent
flow from the roots and in the wake of the wings very similar to if not worse than that observed
on the MO-1.

STRUCTURAL CONSIDERATIONS AND TESTS

Therefore, since the Fokker airplane was known to have given satisfactory service without
any serious structural vibrations, and the slightly disturbed flow noted on its model and that
of the Iv1O-1 in the vicinity of the tail surfaces scemcdfisuflicienl alone to produce any material
vibration of these members when rigidly constructed, it was finally supposed, as originally
suspected, that the rolling tail plane vibration on the MO-1 airplane was due, not so much to
a disturbed air flow from the wings as to a relative weakness in spar structure which pcrmittrd
a lateraI distortion f the surface under its normal air pressures or inertia forces.

This supposition was primarily based on a study of the data for the elastic coefficicu ts
of the spars of various typical tail surfaces, determined from spar tip deflection tests made at
Langley Field on the tail planes of 12 full-size airpl~nes, including the MO-1. From these
data the ratio of the figures for the rear and forward spar elastic coefficients for the horizontal
tail surface of the M@-1 airplane was seen to be 17 as compared to a maximum value of 4 for
the tail surfaces of the other planes. In other words, the fiexuraI stiffness of the MO-I tail
surface at the ‘rear spar is 1/17 of its value at the fomard spar} while on the other airplanes
the rear spar is never less than 1/4 the st~ness of the forward spar.

As emphasizbg the necessity for a stifl rear spar as well as a stiff forward spar to resist the
distortion of thick tail surfaces of the MO-I type, attention is here called to l?. A. (1. A. Report
hTo, 118 describing tests for the pressure distribution over full-size tail surfaces in flight, which
show thick-sectioned tail planes to- be subjected to emeedingjy large twisting moments about,
their 17 axes and to receive their greatest air loading at the leading edge and tips. These
conditions are graphically portrayed in Figures 34 and 243 to 264 of that-report.

As pertaining especially to the MO-1 tail plane vibration, it was thought that the relatively
weak rear spar present permitted a m&terial distortion of the surface under its large aerodynamic
torsional moment, the fluctuations of which, due to unsteady air flow, started torsional pitching
oscillations of the surface about the forward spar, which was in turn set into a transverse vibra-
tion in lag phase by the interaction of the air and inertia loads of the system, thus precipitating
a reinforced rolling oscillation of the entire tail unit.

In order to investigate some of the structural conditions conducive to tail surface vibrations,
wind tunnel tests were-made on several simple
some of the essentials of tail-plane structure.

airfoil models reproducing in an elementary w-ay
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The simplest and perhaps most instructi~e of these modeLs consisted of a flexurally elastic
drill rod ~ inch in diameter -with either a model cambered taiI surface or fl~t rectangular surface
s rrhging abouh it. (Figs. z and 3.) A speciaI spring was provided for produciug on the surface
~ readily variable pitching restoring moment about. the rod to correspond to the torsional reaction
of a forward spar. This model therefore represented rougkdy a tail surface structure without
a rear spar to aid in resisbing the torsiord moment about the supporting forward spar. From
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rolI pitch and roll

the middIe of the leading edge of the surface a slender rod projected along the X axis, having a
sliding -weight on it for varying the position of the center of mass of the system. In the flat-
surface model of this type (8~~ by 4 by ~ inches), the interior -was spamed by ducts at various
distances from the leading edge, fitting the flexible driLl rod, so as to vary the position of the
torsional axis of the surface relative to its center of pressure. The drill rod stood verticwy in
the tunnel -with its low-er end set in a short ~~-inch spindle cIamped in the balance chuck, and
the remainder left free to flex to and fro with the hinged s@ace.

———
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Testson thismode lsurface ela.sticaIIy hinged about its flexible c.antiIever support (fig.2)
showed it to be susceptible of reinforced oscillations for center of pressure positions on either side
of the hinge axis when the center of mass of the surface lay back of the axis; but to resist-such
oscillations when the ceriter of pressure lay back of the axis with the center of mass in or forward
of the axis.

The type of oscillation developed for the unstable positions of these centers was a combination
of pitching and roiling in which the surface vibrated in pitch about the supporting rod and at the
same time in roll with the trans~erse flexure of the rod. The interaction of the air and inertia
forces thus produced was such as to reinforce the oscillations and give them a resonant violence,
even at very low air speeds.

For all dispositions of center of mass and center of pressure the reinforced oscillations of
the surface could be stopped by preventing the free flzmre of the supporting rod, thus making
the hinged surf ace rigid in roll only; or by an arm along one end of the surface, clampmi to it
and the supporting flexible rod, thus making the surface rigid in pitch only.

SimiIar tests with the model surface freely hinged as a weather vane about its flexible
cantilever support showed the same positions of center of mass and center of pressure and other
conditions for no osc.ilIations as when it was elastically hinged about this support.

In Figure 2 it is seen that the flat-surface model was pro~ided with m eIevator haying a
special sliding counterweight for center of mass adjustment. When this model was hinged about
its flexible rod, as in former tests, but-with the. ele~’ator swinging freely about a rigid axis near
its leading edge with its center of pressure and center .of mass back of this axis, violent roIhng
and pitching oscillations of the whole surface developed even when the centers of mass and of
pressure of the system were in their stable locations. But when these centers were stably
located for the elevator, by moving its counterweight until the center of mass of its system was
in its rigid axis, no osctiations of the surfaces occurred for the original stabIe conditions, and any
forced oscillations were rapidly clamped out.

A test made with a rectangular wooden modeI of the 310-1 horizonttil tail pltmc profile
freeIy hinged about the flexible rod, ~ of an inch from its leading edge (C. hf. & C. P. back of
rod) with provision for limiting its amplitude of pitch, showed a development of pitching and
rolling oscillations at low air speeds when the rigid model surface was alIowed to pitch freely
M ]iLtle as 1° about its flexible cantilever support. When the surface was held rigid in pitch at
0° by clamping i! to-the supporting flexible rod, no oscillations developed and my forced oscilla-
tions were damped out. But it was observed that-the very turbulent wdie from the body of a
person in the. tunnel in front of the model gave it irregular roll!ng oscillations even though the
surface was rigid in pitch, Ho}veverj when the modd. of the MO-I airplane was held fixed at
various attitudes in front of this surface rigid in pitch but flexible in roll, no marked oscillations
occurred.

Excepting surfaces exhibiting reversible autorotation and perhaps any exposed to unusually ~
turbuIent airflow, the foregoing tests seem to indicate that a surface supporf,ed on a single
cantilever spar, irrespective of the center of’ mass or-c-enter of pressure positions, will not be
susceptible of reinforced aerodynamic oscillations, even though free to pitch about the spar, if the
transverse flexure of the spar is resisted; or, even though free to roll with transverse flexure of the
spar, if a m~teriaI distortion or displacement of the surface in pitch is prevenbed.

Since the relations of the centers of mass and of pressure to the main cantilever support of a
‘ wingj found in these tests to resist sustained oscillations. of a rolhng and pitching surfacej do not

normally occur in ordinary pIane and cambered surfaces ab usual flying attitudes, and their
alteration for stability might nott often be convenient or economical, it seemed that structural
design for the prevention of surface distortion woulc!l he the simpler and more practical method
of precluding the aerodynamic flutter of cantilever wings or airfoik.

So, further wind tunnel tests were next made on a somewhat crude reproduction of a two-
spar tail plane structure (fig. 4) consisting of a wooden vise in which were cIamped by their ends
two wooden strips of rectangular section, ]8 inches long, set parallel to each other about 6 inches
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apart, and hatig a heavy cloth sack stretched taut o-rer them, forming a flat rectangdar
surface. The base of the ~ise ~as fitted with a short ~~-inch spindle at its center for clamping
in the chuck of the balance shaft, thus mounting the model iwthe tunneI with the surface -verticaI,
and permitting ready changes in angle of attack, by rotating the balance-shaft,.

.4 -rariation in spar stifl’ness was obtained by using wooden strips of different breadths and
depths. These strips varied in breadth from 2 inches to % inch, and in depth from ~ inch to
~~ inch. They were cut from the same block of white pine, and their relative stiffness -was
figured, according to the usuaI engineering formula, to -i-ary directly as the breadth and the
cube of the depth.

In trying different methods for keeping the cIoth taut over the ends of the spars in the tests
on this model, it was found that any bracing of the spar ends or reinforcement of their cloth
covering with heavy paper or cardboard interfered with their independent ffexure and tended
to prevent oscillations of the structure, -whiIe any sIack in the cloth covering caused it to flutter
and precipitated \-ioIent oscillations of the structure for all spin- stiffness ratios. On account of
these and other indefinite circumstances the performance of the model couId not be always satis-
factorily controlled, but it nevertheless illustrated welI the tuype of oscillation which may occur in
a tail surface that. materially
distorts or warps under its air
or inertia Ioads. The modeI,
ho-w-ever, can not be regarded
as a true dupIicate of a tail
surface structure, on account
of the unusuaI location of the
spars at the extreme fore and
aft portions of the surface and
the Iack of interconnecting
ribs.

MI of the surface oscilla-
tions observed in the tests on
this model developed between
the air speeds of 25 and 4-0
rides an hour at or within 10
or 2° of the null or no-lift. atti-
tude of the surface, with the
two supporting spars always
vibrating in lag phase. In
general, the observations in- FIG. 4=.-War.pab1etw O-SPW.mrfJce

~icated’ that the stiffer the spars for a gi-ren relative stiffness, the higher the speed required
to precipitate the resonant tibration. The relative stiffness of the two spars, ho~e~er, did not
seem to influence materially the wind speed required to start. oscillations, as resonant -vibrations
of the surface were obtained at nearIy the same speeds for the same for-ward spar, when the
rear spar stiffness -was less than, equal to, and greater than the stiffness of the forward spar. It
was noted t.hab the entire vibration could in most cases be stopped by steadying either spar at
its tip, or by pitching the surface to angles beyond 2° or 3° of the zero-lift attitude. But, in
some cases when the rear spar was extremely fle.tible, the rear portion of the surface continued
to oscillate about the zero-lift setting, e-ien when the forward spar was stopped; and on rein-
forcing the surface of this structure with cardboard, slight ~-ibrations of the weak rear spar of
very small amplitude were obser~ed for se-red angles beyond the ticinity of the zero-lift posi-
tion, at which the tioIent resonant oscillations of the free structure aIways occurred. When
the -rise, grasping the spars, was remo~ed from the balance-shaft and more rigidly supported
by screwing it fast to the tunneI floor, the oscillations of the structl.m. appeared to be precipi-
tated at slightly lower air speed than on the more flefible shaft support,

-—
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Irrespective of any incidental observations, however, the important points noted in these
tests were, that in every case the oscillations of the cantilever surface structure were precipitated
and reinforced by the occurrence of a warpage in the surface due to the unequal or opposi be
deflection of the supporting spars under the interaction of the air and inertia forces of the
systernl and that any reinforcement of the surface co-vering or rigid interconnection of the spars
at their tips which precluded their independent flexure and vibration te]decl to prevent sustaid
oscillation of the structure. Also, another important observation, previously intimated, find
here emphasized on account of its special bearing on structural design to prevent airfoil f]utter,
discussed later, is that distortable cantilever surfaces are susceptible of dangerous oscihtions
only at attitudes in. the vicinity of the no-lift setting, and comparatively free from such
oscillations at higher angIes.

It would therefore seem that, if the spars of full-s~ze tail surfaces and other cantilever airfoil
structures were designed with sufficient flexural stiffness to resist their stresses with small
deflections, and with such a relative stiffness that-their tips would deflect about equalIy under
their stresses at smail-angle flying attitudes, there wouId be no possibility, providing the ele-
vators were rigidly interconnected, of the occurrence of a distortion of the surface in pitch,
which would start any violent oscillations in roll.

In an attempt “t; obtain some idea of the relative stiffness of spars necessary in the kfO-1
tail plane to give equal deflection with no surface distortion under the normal air Ioading at
small angles, calculations to this effect were made, using center of pressure data from a special
wind tunnel test at 40 miles an hour on a rectangular wooden model of the MO-1 tail plane
profile (fig, 7, Part 111) and taking into account the oblique Ieading edge of the surface on the
full-size plane and the conseqwmt inclination of the center of pressure Iine to the spars. The
taiI plane dimensions and location of the spars were obtained from blueprints of the full-size
member.

The relation of the maximum bending moments for the two spars (fig. 8, Part 1!3) obtained
from these calculations, indicates that the ratio of the rear and forward spar elastic coeffi-
cients for this surface shouId be between 3 and 4 for minimum distortion under the normal air
loading, instead of 17 as actually present. This means that the rear spar should be between

% and % as st~ aS the forward spar for smalI reIative spar deflection and mininlum sllrface .
wwpage. These values are for the maximum forward location of the center of pressure and
neutral elevators. When the eIevators are turned from the neutraI position the center of pres-
sure of the surface travels farther backward, and hence a relatively stiffer rear spar than is
specified above wouId then be required for no surface warpage. But by giving the stronger
spar sufficient stiffness to resist its maximum stress with smaJ.1deflection for the rearmost center
of pressure position, the former spar stif?bss ratios may be used and the surface still confined
within small aIIowable distortion Iimits for all normal at t,itudes.

The principal formulas used in stress calculations for the design of cantilever wing spars
for equal or minimum relative deflections, and the data for their application to the MO-1 tail
plane with the final results, are presented in Part 111 of this report. ID this case only the air
loading of the surface has been considered, as in most cases when the center of pressure line lies
off of the forward spar and the spar stiffness ratio for .no surface warpage is small, the streng$h
and stiffness of structure required to safely carry the air loading with small relative spar deflec-
tions and minimum surface distortion will provide sufficient stiffness to prevent any material
distortion of the surface under the inertia loading. However, when the cenfier of pressure line
lies aIong the forward spar, or is so related to it as to give a large spar stiffness ratio for no
surface warpage, and thus require a relatively weak rear spar to balance the surface air loading,
it is likely that a stronger rear spar will be required to provide sufficient stfiness to confine
the surface within smaII distortion limits under a possible inertia loiid; and if the original spar
stiflness ratio were still maintained a stronger and stiffer forward spar than is realIy necessary
to carry the air load would be demanded. In other words, the reIative spar stiffness required

. for no surface distortion under the air loads and the interia loads taken separately, may often
be quite different on account of the different positions of application of these Ioads relative to

.
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the spars, and structural economy necessitates thafi a compromise be effected between them in
arriving at the minimum spar stiffness required to confine the surface within its small allowable
distm%ion limits under either load.

Ms-c, on account of the shiffi of the center of pressure of an airfoil along the chord with
Chan=tig angle of attack each attitude of the surface would require a different spm stiffness
ratio for no viarpage. This fact, how-ever, should cause no perplexity, since the preceding tests
indicate that surface -warpage is condticive to dangerous flutter only at surface aititudes in the
vicinity of the zero-lift position, and for this reason is not particularly objectionable at higher
angIes. The spar stiffness ratio used to pre-rent airfoil warpage and consequent flutter should
therefore be derived from the center of pressure location for small a@e attitudes around the
zero-lift setting.

In consideration of the conflicting requirements connected vdh the separate center of mass
and center of pressure positions, it may be stated in general that, for economic desi=gp of spars
to prevent flutter in cantilever airfoil structures, the -weaker spar should always be stiff enough
to resist possible inerfiia loads with small deflections, and the stronger spar stiff enough to resist
possibIe air loads with perhaps somewhat larger deflections , while at the same time the relative

spar stiffness required for minimum surface warpage under normal air Ioads at smaJJ fl.yi.ng
angIes is maintained at or near its estimated value whenever fihe air load st.res~es on the -weaker
spar exceed the inertia load stresses on this spar, but altered for reverse conditions, as the
maximum inertia stress and permissible defection of the weaker spar demands.

By thus roughly proportioning the stiffness of wing and tail plane spars to their received
stresses, with special attention to airfoils having tapering plan forms and consequent diagonal
loading, ii is belie-red a minimum value of spar stiffness to prevent any dangerous surface
warpage vrll be obtafned, wtich wfl res~t in a more eco~ofic ~d fighter spar structure than
couId otherwise be effected, while at the same time eliminating the possibility of airfoil flutter.
For, with the additional torsionaI rigidity furnished by the ribs and surface covering of a wing ‘
or tail pIane structure, if the spars are given the proper relativ-e stiffness to defiect as nearIy
equally as possib~e under their received loads, their actual stifTness need not be greai, since
fiexure of bhe surface without twisting is not conduci~e to flutter.

CONCLUSIONS
●

1. The airflow over the MO-1 model airplane, especially in Lhe vicinity of the tail plane,
is apparently not suf%ciently disturbed to produce any marked rythmie oscillations of the
rigid tail unit fiexibIy hinged to the fuselage about its fore and aft axis. The type of airflow
about this model is very similar to, if not better than, that about. an analogous model of the
Fokker FT airplane, whose wings or taiI plane have never been reported to flutter in flight.

2. Excepting surfaces having forms or attitudes whieb exhibit the phenomena of revemible
autorotation, a surface that deflects under its received loads about an axis aIong the wind
without otherwise turning or disporting w-W not be susceptible of sustained oscillations udess
it be exposed to exceptionally turbulent, undulatory, or ~~sty airfiow. (Pt. II.)

3. A cantilever surface, such as an ordinary wing or tail plane, which, under its received
loads at small, high-speed angles of attack experiences a differential defection of its support@
spars, may, in perfectly smooth afiow, become susceptible of sustained oscillations, ~hich
may attain dangerous amplitudes as the surface approaches its no-lift altitude. The torsional
deformation of surface entahd by a differential spar deflection is not so dangerous, however,
at large, low-speed angles of attack. . .

4. The aerodynamic flutter of cantilever airfoil structures may be obviated by locating
&he center of mass of the system in or forward of the main supporting spar with the center of
pressure aft of this member (Pt. II); or, more practically, b-y providing for suficient structural
rigidity to prevent any matefial torsional deformation of the surface under its received Ioads

at high speed flying angles. FormuIas for estimating the most economic relative spar stiffness
for the latter design are given in Part III.

.—

.-

. _—
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5. The vibration of the MO-1 tail plane results mostly from the large inequality of the
ratios of stifhess to bending moment for the two supporting spars; wherefore these spars deflect
unequally and entail sufficient surface deformation to precipitate sustained oscill~tiolls of the
cantilever structure.

6. The vibration of the MO-1 taiI plane may be economically minimized by giving its spars
the proper relative stiffness required by their bending moment ratios to cause them to deflect
about equally under their received loads in normal high speed flighk. . Calculations (Pt. 111)
for the spar stresses of this surface show that the rear spar should have somewhere around
~ or ~ the stiffness of the fortvard spar for minimum differential spar deflection, instead of

+-, as found present by spar deflection tests on the full-size M.O-I tail plane.
JITith the stiffness of the spars correctly proportioned to their received moments it is.possible

that- the torsional rigidity of the surface supplied by the connecting ribs and covering will
permit the use of a less SW forward spar than now~resentv thus lowering the weight of the
structure, while still preventing any objectionable surface deformation that might be conducive
to vibrations.
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A STUDY OF WING FLIYM’ER

PART II

THEORY OF OSCILLATIONS OF AN AIRFOIL IN PITCH ANI) ROLL

By A. F. ZAEX

PREFACE

Apropos of Part I the possibIe typesof small oscillation, in a uniform wind, of a rigid airfoil
about a longitudinal or transverse axis, round which it elastically pivots, are here analyzed.
The more general cases when warpage and flex-m-e occur are left for further consideration.

Figwe s fiust,rates tie assumed conditions for the a~foi]. subject to moments of wind

tiud elastic torsion it can be assumed to oscilkte in roll, pitch, or both a~ once. We treat the
three motions successively for cases of small displacement from equilibrium.

TIOTION ABOUT X AXiS

Tk oscillation h run is given by

z

,/
i-= e.+“

W7d

i

Y’
FIG.5.—Asmmed conditions far the airfoil

;8= mass of wing, with centroid at 2, ~.
.4, B=momenfs of inertia about X, Yaws...

2,:,:: =angle, speed, ameiemtion of wing about X.
e, ~, 6)=angle, speed, weeleration of wfng atwut Y.

.# 6=6 =acederation of m; m@~3+@5) =rngment of ,mstout 1.
L, -W. momds abaut X, }: due to uniform wind.

IJ&L , =&LJ@, ciI@P, where P=%= d~:di.
M&Me= a 3f@e,dMpz,Wk.re q= e = dejft.

Ai =Lpi – Z@ (1)

where LP = ~L/dp * is the damping derivative, k@= —dL/d@ the elastic restoring momeni per
radian of +. The damping coefllcient, Lp[it is positive for autorotative surfaces, zero or nega-
tive for others; lc+fA is always negative and finite.

‘ In Ma Stability in A.tiation, Bryan writes &3= —&@3p,a mnvention not so mnch Used by w fouowem. Here we us%the standard symbois
adopted by the National Ad- Committee ior A.amnautics.
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From textbooks we derive the folIowing properties of (l): for Lp=O themoticm is simple
harmonic; for LD<O it is either damped harmonic or subsiding aperiodic; for LP>O it is divergent
either oscillatingly or continuously. Hence to secure decay of vibration the airfoil should at
all wind speeds, have LP<O, viz, antirotative.

MOTION ABOUT Y AXIS

The oscillation in pitch is

where ?ceis the eIastic moment per unit of 0, The damping derivative Mq is usually negative
ur antiro tative; the coefficient of 9 is negative except when ke< Me.

From textbooks we derive the folIowing properties of (2): For Ie – Me = O the motion
continuously asymptotes a finite limit; for ke – Me>O it is either damped harmonic or subsiding
aperiodic; for Ice–-Me<O it diverges continuously. Hence to insure decay of vibration in
pitch the airfoil should, at all wind speeds have le – Me>().

MOTIONS ABOUT-X, Y

If the Q, 8 motions are simultarieous they add to (1) the moments mile -- _Le@;to (2) the

moment m~–fi.~ Thus,

where all the coefficie~ts are positive, save possibly Lp, Lo, M{, Me.
To solve (3) first put therein B = d/dt: Lhm

(3)

WLtitll% + [B.W – MJl + (%e– Me)] 0 = O

whence eliminating 0 gives

{(A~2–-W + k~) lB~’ - -WD + (~e – ~~e)l - (m@) ’D4+Lem@2} @= O (4)

which is a linear diilerential equation in @ with constant coefficients, expressing the airfoil
motion about X. Puttiing e for @ in (4) gives the motion about Y. We now cm solve (4)
for the amplitude; bufi to ascertain merely whether the motion is stabIe or not it suffices to

examine the coefficients of (4),as in the next three paragraphs.

CRITERIA FOR ,STABILITYABOUT X, Y

If 5 or ma ~’ – Le is zero, the last two terms of (4) vanish, leaving in form the simple
product of (1), (2). If for this case, (1),(2) both are stable their resultant (4) must be so.
Now ~= Oif the airfoil centroid is on the pitch axis Y; and Le = dL/Kl = Clfor the burble incidence.

Frequently m@6 is small and negligible. In this case we conclude that if the centroid is on
the Y axis, or if the equilibrium incidence is bur$le, the simultaneous small motions (3) aho
X and Y are stable if the uniaxial motions (1), (2) are so.

If Z or m@D2 – Le is not zero, we examine the auxiliary equation of (4), viz

aD4+bD3+ cD2+cZD+e=0 (5)

where a=AB– (m@j)2; b= –AMC-BLD; c= A(ke - iMe)i-LPXc+mZj Le; d= –LP(fie– ~e)
– h M,; e = J2Q(lie – Me}. By Routh’s ruIe {4) is stable if a, b, c, d, e and Routh’s discriminant
bed – adz – eb2 all are positive.

t For closer estimate –MP$ can be added here. It vanishes for well-known condition.

—--————-—
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For usuaI conditions a, 6, c, d, e are positive. Puttiwg the
discriminant one finds ‘ it positive if

– L, 3JLe>riZij

123

given values of these in the

(6)

which therefore is a criterion of stability for the motion (4). One device for realizing (6) is to
make the centroidal distance 2 zO, or small positive; another is to maatiy —Lp 3fJ&

SUMMARY

The present analysis suggests the following ruIes of design to obviate airfoil flutter=
1. T.Jse an airfoil having LP negativ-e, to avoid autorotative tendency; choose one with

– L, lJ@/Le>rnZ~.
2. Make Z=O, or smalI if positive; viz .7 avoid placing the airfoil centroid far aft of the axis

of pitch rotation.
3. Make he> Ye: viz., make the coeilieient of elastic pitching moment exceed that of wind

disturbing moment at all speeds.
In practice these stability devices may have to be compromised with other design provisions.

ROT.&TION~L #iMPLITUDE, SPEED, PER1OD

For the oscillatiorts (l), (2) about a single axis the amplitude, speed, and period can be
found directly by well-known procedure. For the double motion (3) one finds by soIution
Uf (4).

+ = c,e~l~+ &:e~ff-k c3e~$ + f94w (7 j

where Al, h~, AS,Ab,are the four roots of (5), and the (7’s are integration constants determined by
the initial conditions. Putting 0 for@ in (4) and solving gives@ in the form (7) except for different
integration constants. The plot of@ ore against t is in general the resuItant of four exponential
(Jr ~ine curves which represent the four component terms of (7’). Examples of such component
curves are given in works on aircraft stability.

CM3E OF THE NGNRIGID MRFOIL

In practice a fluttering airfoil pitches and rolls by structural deformation, say by ffap
motion or spar fiexure. h this latter case the rotation angles@, e are roughly ihoseof the median
airfoil section, and the damping eoefiicients in (1), (2) may be written hP-!-LP, & + J& where
the h’s are viscous moments per unit of p, q, due to internal friction of the airfoiI structure.
The magnitude of k, 7te,h,, h,, could be determined in a full-scale craft, but. not so welI pre-
dicted from a modeI test, except perhaps when both model and fuI1-scale were of uniform material
besides being structurally similar. The case for a wing and aileron vibrating jointly or inde-
pendently is treated in the cited ~. .& (2. A. LIem, No. 223, “On the Stability of Oscillations
of an Airplane Wing,” by A.. C. Yon Baumhauer and ~. Koning. See also “Wing Flutter,”
hy R. A. Frazer, Reports and Memoranda ITo. 1042, British Aeronautical Research ~ommittee.

PR~CTIC.kL DETERfifI&r#.TION OF L,, .Va

The damping derivatives, LP, 3fq, cm best be found experimenta~ly, say by testing a wing
model with an oscillator in a uniform air stream. They can also be estimated as explained in
textbooks, e. g. Wilson’s Aeronautics, article 40; ready formulas for Lp, Mq, to suit various
practical shapes and Ioadings, may thus be derived.

For example, assuming the load uniform along Y, one finds L =4/3 .s~/J’_, where V is the
tlight speed, ands = dL/de is the slope of the lift curve for the particular wing. Again assuming
an elliptic Ioading along Y one finds LP = s~/ V.

In the generaI equations (1), (2) therefore, the damping derivatives are symbolized broady
by L,, .Uf rather than by more specific quantities applicable to but one wing type. TabIes
giving experimental values of LP, .U, along with the usual wing characteristics for a few typical
wing typ~~, -would be serviceable to aeronautical engineers- .

1For a more detaikd treatment, illmtratM by expai.ment, the reader k referred to Tech. Mere. hlo. 223of the Natiomd Advkcry Committee
for Aeronautics
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PART III

DESIGN OF SPARS FOR EQUAL I?LEXURE

BY R. M. BWJC

PREFACE

The forego~~ text shows that a cantiIev-er airfoil, not reversibly autorotative, is void of
flutter of its spars flex equally in the same direction under their recei~ed loads; e. g., if their
ensuing curvatures are thi same at corresponding sections. . A method of desigping the spars for
such equal fIex-ure when giren the wing pIan and profile is outlined in the ensuing text. By
its use the minimum torsional rigidity of st ructmre required to prevent Hutter may be obtained
with a maximum economy in material.

C~R~~TURE RATTO

BY mechanics the elastic curvature at any beam section is lfR = 31/EI, dere R is the radius.
of curvature of the neutral surface, M the bending moment,
moment of inertia of the section area about its neutral axis.
of two parallel spars,

1?the moduIus of elasticity, 1 the
Hence for corresponding sections

(1)

UsualIy E,= E,; hence for equal fle.mre (R, = R,) the spars must be designed so that

1{/1, = MJ2, (2)

S~IFFNESS RATIO

The sti.finesses of Lhe two spars at corresponding sections are as the bending moments
there causing equal ffemu-e; that is

StMness, Y, =4
Stiffness,=Tg 12

(2a)

Since the deflection of a beam is a direct function of the currature, the stiffnesses of beams
are compared by comparing the loads they can carry with a given deflection, or the deflections
ati corresponding sections for a gi~en loading.

STRESS R~TIO

By mechanics the maximum unit fiber stress at any beam section is s = lfe/1, e being the
distance of the outermost fiber from the neutral axis of the section. Hence for corresponding
sections of the tmo spars,

stress, sl Mle112
Stress, ‘Z= 2J1eJl

(3)

and for equal fle.xure, from (2)
Srlsz= eJe$ (4)

125
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From this relation it is seen that if the spar of greater e is first designed for the maximum
tillowable unit stress, s~ax,, the other will have s <s~,,,, and hence a greater factor of safety
snd ample strength; but if the spar of lesser e is first designed for s~a~., the other will have
s>s~t,., and be unsafe.

Therefore, to provide conveniently for structural safety, it is best, first to design the deeper
spar for sufficient strength, and then the shallower spar for equal fiex~m.

STRENGTH RATIO

The sfirengths of the two spars at corresponding sections are inverseIy as the maximum
unit fiber stresses there produced by a given bending moment. Hence, making M,= X, in (3),

Strength* s, l,e,
Strength,’~ ‘-Z

(5)

The strengths of beams are compared by comparing the loads they can carry with an as-
signed maximum unit fiber stress, or by comparing the maximum fiber siresses produced by an
assigned loading.

REL~TIONS OF STRENGTH AND STIFFNESS

If in (5) e,= e,, the stre~gth ratio equals the stiffness ratio in (2). For this condition the
two beams hkve equal safety factors, and for the same permissible maximum depths, less weight
than for e,, eg unequal. But, since the maximum depths of spars and hence aIso their least
weights are determined by the airfoil profile depths, the relation of strength and stiffness ratios
will vary with different airfoils and hence has no special significance.

GENERAL DESIGN PROCEDURE

In obtaining actual values for 1,, 1, in (2), the deeper spar is considered first, and its value
of e, selected, equal to or less than half the maximum wing depth. Then

II= ill,e~l~~,,. (6)
whence, from (2)

lt = r$fMle,/s~aX.= M2etlSm&x. (7)

where rM= MZIMI.
A suitable vaIue of ~,<e,, corresponding to the wing depth is then chosen for the shallower

spar.
As mentioned previously, this order of procedure will keep s~<s~,.. rind the safety far tor

always above the assigned vaIue, but not conversely.

SPAR STRESS EQUATIONS

To obtain Ml and M$ of the preceding formulas, the separate loadings of the Lwo spars
must- be determined. In the ensuing text the fundamental equations and derived general
formulas for loading intensity 11’,vertical shear Z, and bending moment M, for the two parallel
spars of a cantilever airfoil with oblique Ieading edge and consequent dia,gonal loading, are
presented, and their use illustrated in designing the MO-I tail plane for minimum distortion
at small angles of at&ack to prevent flutter.

Figure 6 is a diagram of an airfoil of the above-mentioned type, resembling the MO-I
tail plane in pIan form. Referring to it and the indicated symbols the following equations
are readily undersioocl,
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The equations for the condition of static equilibrium, assuming equal deflection of the
two spars, are,

I I t

I n
—

1A’
~IG. 6.–Disgram ef oirfoil

.4,4’d2=8ny elementary ti7msyerse sectfon of a &il plane or w@.
dF=air for~ acting on the surface af this section St its center ofprmsure.

dl+~=elementary reaction of forward spa ati this seetion.
d~:=elementery reaction of resr spar at this section.

–dE,. a=dF. (a+y) (8)

U?,. a= dF. y (9)

The intensity of loading, W at any spar section is of opposite sign tO the elementary
reaction at this section. The equation for W is

The equation for ~ertical shear Z ~t, any spar section is

(10)

[
Z = lWd~ = –

r
‘m (11)

~z .X

The equation for bending moment, W at any spar section is

.

(12)

The equation of the center of pressure line or load line for ~ axis along the forwfird spar
axis is

y=w-!-b (13)

The equation of the airfoil leading edge line for .T axis aIong the trailiug edge line parallel
to the spars is

G*= .S’X+b’ (14)
Also,

dF= Qcdx (15)
-where 0=1/2 OM~pV, and

CM,=coefficient of normal force, ~TF perpendicular to wing chord.
p = air densiby in slugs’ per cubic. feet.
T’= air speed in feet per second.

“ GEXEEAL FORM UL.KS FOR T.4PERED WLWGS

c isthewing chmd ai my eediori.If the trailing edge of t.imm-rig is inclined a~ a slope s“ to the spsrs, equation (ii) bwem=

c=@’-#9 Z+bf (14)

By’substituting in the deducd forrrnrk for R’, Z end M, (H–W) for s’, these formmlw become more general end aPPIy ta wiBgs with leading
edge and tmiling edge both t.epered.
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FORWARD SPAR STRESSES

Fundamental equations-

-&!?,.a=dF. (a+y) (8}

-–dlll,a = Qcdr. (a+tw+b) (16)

–dl?,.a = (Hr. (s’z+ b’) (c+sx+b) (17)

.

Bending moment, M-

S
Ml= ‘z, &r (12)z

REAR SPAR STRESSES
131mdamental equations—

dR,.a =dF.y (9)

dR,.a = Ocdx, (SX+ 6) (21)

dh’,,<t = (7dz. (S’X-j-b’) (m -1-b) (22)

d~, = : (SS’2+.dx+ b’sx. dx+ bs’x. & + bb’. dz) (22:1

I,oading intensity, 117—

~]’, = ‘:[SS’22 +x (sb’ +s’b) + bb’]. (!23)

Vertical shear, Z—

s
z,= – ldH,

z (11)

[

b’s+bs’24.. – : ~; (1$–Z’) + ~ (2$–x’) + bb’(1–z) 1 (24)

Bending moment, M-

(
M,= ‘z, Clx (12)‘7

(25)

●
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SPAR STRESSES FOR SLOPES, S, S’ =0

For a tail pIane or wing -with Ieading edge paraIM to the spars, s and s’ in the pretiolls
eqllations become (), and the equations for the spar stresses are simplified as follows:

The ratio of the bending
then becomes from (28), (31),

‘,=-%’”-”)’]

(26)

(27

(2p)

—

SPAR STIFFNESS RATIO,

momerits or the reIati~e st.ifkess required for equal spar fiexure
(2)

M* 1, a+b ()‘(z—. . .
Jl, 1, ‘==– 6 ‘– b

II—— (32)

THE & SIGNS

k the foregoing equations, the distance between the spars, a is always positive, and b
positive or negciti~e, depending on whether the center of pressure for z = O is forward or aft of
the front spar axis.

CONDITIONS FOR NO SURl?~CE W~RPilGE

For equal flexure of the spars in the same direction, and hence. no surface warp&geJ rx m~st
always be + ; i. e., MI, M_~must have like si=gns. This condition is most always fulfilled in the
usuaI location of spars and is effected by so pIacing them that alI or the greater part of the
airfoil center of pressure line, or Ioad line, lies between them.

In order that T.Ualways be + in (32), b must aIways be –, and numerically less than a.
This condition fixes the center of pressure line between the spars, and for this special case of
parallelism the spar loadings, shears, and bending moments all have like signs.

See Figure 9 in which a and 6 of the preceding equations are replaced by n and —z, and rH =
y =RJRz.

EQUATIONS FOR MO-I TAIL

Substituting in the previous equations the foLIowing
data and design drawings for the kiO–1 tail plane, (TaMe

s =–0.1290 1) =0.0575
s’ = –0.1721 b’ =6.448

the following equations are obtained.

PLANE

values obtained from aerodynamic
1; @s. ~, s.)

a =2.417
~=6.33
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FORWARD SPAT

ii’, =C(0.0092CC’-0.520 4Z+6.601)

Z, =C(0.2602&- 0.0031 ZS- 6.601z4- 32.14)

il{l=~(0.00077zk– 0.0868x’+ 3.30ix’-32.l4x+ 91.g4)

REAR SPAR

W,= O(0,3483r – 0.0092%’- 0.1534)

~,= 6’(0.0031zS– 0.1741&+ 0,1534;+ 5,231j

~$p= C(0.0580X9—0.00077x4 —0.07”67x$-- 5.231x + 22.69)

,d /’--3 fob;Kzer ./f/e vafor
t

-20“J ‘ & k I I I I t I J
/00

Per cem%f chorc%leiwr%, %.-

1 I
L/. L

8

FIG. 7.—ProfUe chsracteristfm. Air speed 40 mik.s per hour. original
data corrected for model asymmetry

The maximum bending moments occur at x =(), and by (2a) the spar stiffness ratio here
required for equal flexure and no flutter is

This ratio decreases as x increases, as shown in.l?igure 8.
For 1=7.00 instead of 6.33 the above, equations berom
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FOR’FARD SPAR

11-1=same as before

Z,= 0(0.2602r’– 0.0031z’– 6.601.r+ 34.51)

.1/, = P(O.00077J?– 0.0%5EW’+3.3ol&–34.51z-+ 107.7)

RE~R EP,4R
T? =same as before

Z,=(7(0.0031CP- O.174EC’+ O.1534Z+6.41O)

H,= L7(0.05S0.@- 0.00077ccA- 0.0767&– 6.41 OX+-3O.55)

For several corresponding spar sections, the variable factors in parentheses in the above
equations for 1=6.33 were evaIuated and are gi~en with their ratios in Table II. These data
me plotted in Figure 8.

T.~BLEI.—Air jorce%, moments and cenkr of pressure for MO-I horizontal tailplane section at @ miles per how

Twin camber section.

T 1
1 I

Angl:oyt.
Lift L ~

. iwa8

o : CLo
.038

; i .079
3 .117
4 .155
6 .23S

Drag D

Pmmti
0-019
.019
.019
.020
.022
.027
.035

!

.323
18 ~ .407 046
12 .4SS :062
14 I 557 .07s
16 I :589 .09s
1s

I ‘.
574 i .125

20 527I I ~215

IWvator neutral.

22.‘i
22.8
22.s
22.5 i
22.1 !
23.2 \
23.9
24.1
24.4
24.7 1
25.5 ;
28.7 ~
3s.5 ,

x X axis of model hoIder is on chord center ~me, 31.1 per cent of chord Iength aft of the
Ieading edge.

I)imensions. of model, 8.18 by 3.218 inches-

~L =1-337 L
(7D=1.337 D
lZF=0.00342 L
KZ=0.00342 D.

c.= JCL’ + c.’
Tan 0 = (7.JOD
CN.R= (7ESifl (a+ 8)
(lx~ =coticient of normrd air force NF ~ to wing chord.

.—

-. .
—_
.—

——
._—
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Feefi x

FjG. S.—l! 0-1 h0ri~0nt8] tall pla~e. L ~ad, shear and bending
moment diagrams for spars deflecting equally under surface
air loading

pr,Ar.i

5=29’’=2.417’,,

ts=:!).lm
s’=-O .1721
Y=–O.12W+0.0575
c=–0,172Lz+ 6.448

LOAD D1.IGRAM

H’= KW C

L=f Wdz
?7=lo&lfmgin lb. per foot run
L=totsl load in lb.

;,ERT1c.tr.SHEAREVAGRAM

Z=KZC=J’w,.
Z=vertierd s!aearin lb,

BEXDUiG MOMENT DIAGRAM

x= KM c.S: Zdr

M= bend~ngmoment in lb.-ft,

c=; cNJ.p}’~
C.VF=mefficient of normal air force, NFL

to wing chord
p=air density in sluge per cu. ft.
V=air speed in feet per sec.

*



A STUDY OF WING EL-R

I I
1 I

<+- ~ ----+---

1A I

x z
me.%-Rcmang131srtwtipar ohfdl Spsr-sifhw ratios for K@ flexure

Fm equal spar deffeetio~ wnder losd F,

RJR; =~=f~

For +-z<n, y fs &ways+ end the spars tlex equelIy in the same direction withouL
torsionor smfxx wapage.

For +.z>R, end eny -r, y is elways – and the spas flez equally in oppwita
direetion with torsion snd sarfsce we~e.
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TABLE Ii_.-Spar stress jaciors and ratios for design_ of MO-1 tail plane for equal spar jlexure under surface air
loading 1

I Forw-ard spar I Re~ spar I Rtitios
Distance ~

along spell ,——

z ‘1 ‘w

Feet
o +6.60

i i ::::.,

: I ;;;
I 4,23

K 3.81

I 6.33 1 3.68
6.5 +3.61

}91.94
63.02
40:19
22.96
10.85
3.41
0.20
i).00

+0.05

Kz Kw KU ! Kz rw

+32. 14 –o. 15 +22.69 +5.23 – 43.05
1995 I +0.19 ~j $ ~ 5.21 +32. 7625.79

0..51 4, 87 11.05
1159 0.81 781.. 4.21 6.32
9.70 L 09 4.Og.
5.25 1.36 L 39, 2.03 3.11

+1.24
i:: I H% -T :; 2.38

0.00 2.19
-0.62 / +1.72 / +o.o~ I -0.29 I +2.10.—

I 1

~For surface span, 6,33feet and center of pressure 22.7per cent of chord from leading edge. See Figure 8,

w= Kwc Z=KZC Jf = KMc C = ~@7NpPT’t

FORWARD SPAR

~,v=0.00918z’– 0.5204x+6.6014
K,,,=O.00077X$– 0,0868X’+ 3,3007Z’– 32,13&Lr +9i.9446
&= 0.2602&- 0.0031&- 6.6014$+32,1364

REAR SPAR

K;V = 0,3483.E 0,009182’ -–0.1534
KM= 0.0580x’– 0.00077xJ– 0.0767x’ –5.23O9X +22,6890
&= 0.0031a’– 0.1741 z’+ 0.1534c+5-.2309

TV=Ioading in pounds per foot run
M= bending moment in foot-pounds
Z= verticaI shear in pounds

I
+4.05 !+: ;:
3.61
3.25 i 10
2.94 3.47
2.67 2.98
2.45 2.59
2.30 L27
2.30 2.20

+2.37 +2. 14

.4 ERODYNAhIICAL LABORATORY,

BUREAU OF (CONSTRUCTION AND REPAIR, UNITED STATES NAVY,

WASHINGTON, D. C?., XUV 11, 1927,


